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Optimum laws of variation in atom-sectional areas cooled by emis- 
sion from solid and hollow radiation elements of various shapes are 
found. 

1. Le t  us c o n s i d e r  the p r o b l e m  of des ign ing  an o p -  
t i m u m  r a d i a t i o n - c o o l e d  hea t - conduc t i on  pin of m i n i -  

fo r  g iven  in i t i a l  hea t  f lux Q0 and t e m p e r a t u r e  To (Fig .  
l a ) .  

We in t roduce  the nond imens iona l  v a r i a b l e s  

along 
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Fig .  1. V a r i o u s  shapes  for  s ing le  emi t t i ng  e l e m e n t s :  
a) long i tud ina l  c r o s s  s ec t i on  of h e a t - c o n d u c t i n g  pin; 
b and c ) e x a m p l e s  of i t s  c r o s s  s e c t i o n s ;  d ) long i tud ina l  
c r o s s  s ec t i on  of ho l lowpin ;  e )  long i tud ina l  c r o s s  s e c -  
t ion of h e a t - c o n d u c t i n g  e l e m e n t  with cons tan t  p e r i -  
m e t e r ;  f and g) e x a m p l e s  of l a t e r a l  c r o s s  s e c t i o n s  
of  a hol low pin and of a h e a t - c o n d u c t i n g  e l e m e n t  with 

a cons t an t  p e r i m e t e r .  

�9 qo k ,  y / [  qo '/~ Tz = v ~.,.~, "(5) 
= T o  o ' 

In t hese  v a r i a b l e s  Eqs .  (2)- (4)  a r e  w r i t t e n  in the f o r m :  

_2  dT -~; y ~ = - - u  (6) 

y T4dx = - -  dQ; (7) 

~ L  _ 2  l"=S ydx.  
0 

(s) 

At the end of the pin when x = x L we know only the 
va lue  of the v a r i a b l e  U~ = 0, and i t  is  t h e r e f o r e  a d v i s -  
ab le  to e x p r e s s  a l l  of the  v a r i a b l e s  a s  a funct ion of Q. 
E x p r e s s i o n  (8) i s  then r e w r i t t e n  as  

0 

dQ 

and the f o r m u l a t e d  p r o b l e m  wi l l  c o r r e s p o n d  to the sought  
m i n i m u m  of the funct ional  (9) whose  E u l e r  equat ion 
wil l  have  the f o r m  

d@ 16 (dT~ 2 1 dT 

--~ + -~- ~ /  4Q dQ UQ 
_ _ - o .  (lO) 

m u m  weight  whose  a r e a  and c r o s s - s e c t i o n a l  p e r i m e t e r  
would be  def ined  by  the e q u a l i t i e s  (F ig .  la )  : 

F = kly2; f l  = k2y. ( i )  

We wil l  c o n s i d e r  r a t h e r  long pins  for  which the 
equat ion  of hea t  t r a n s f e r  a long the pin and the law g o -  
v e r n i n g  t h e r m a l  r a d i a t i o n  a r e  v a l i d  in the  fo l lowing 

f o r m  : 

k,y' ), ~ = --  Q, (2) 
(IX 

~ y  go T'dx = - -  dq. (3) 

The  o p t i m u m  r e l a t i o n s h i p  y(x) m u s t  e n s u r e  m i n i -  
m u m  pin vo lume  

x L 
V = ~ kly'dx (4) 

The  g e n e r a l  so lu t ion  of th is  equat ion  is w r i t t e n  in the 
f o r m  

5 1 

= cl (~ u + c~)Tr. (11) 

F o r  the op t imum pin contour  i t  fo l lows f r o m  the n a t -  
u r a l  l i m i t  bounda ry  condi t ion  at  the r i g h t - h a n d  end 
tha t  C2 = 0. At  the  b a s e  of  the pin  we m u s t  have  Q = 1 
and T = 1, and t h e r e f o r e  Ct = 1. 

Thus  c o n s i d e r i n g  (6) - (8) ,  we have  the fo l lowing r e -  
l a t i o n s h i p s  c h a r a c t e r i z i n g  the op t imum pin:  

5 33 

130 

( (12) 
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g - - 2 . 3 9  1 - - 2 . 5 8 ]  ; ~~ (12) 
( con t ' d )  

The  v a r i o u s  t r a n s v e r s e  c r o s s - s e c t i o n a l  shapes  wil l  
be def ined  by the coef f i c ien t s  kl and k2. F o r  e x a m p l e ,  
having  subs t i t u t ed  kl  = 7r and k2 = 27r into the a b o v e -  
c i t ed  e x p r e s s i o n s ,  we obtain the r e l a t i o n s h i p s  for  an 
op t imum pin with a c i r c u l a r  t r a n s v e r s e  c r o s s  s ec t ion  
(Fig .  lb) .  Solut ion (12) co inc ides  in th is  c a se  with the 
r e s u l t  d e r i v e d  in [1] in the op t imiza t i on  of p ins  with 
c i r c u l a r  t r a n s v e r s e  c r o s s  s ec t ion  and an exponen t ia l  
d i s t r i b u t i o n  of t e m p e r a t u r e  a long the p lane .  If kl  = 
and k2 = 2(1 + ~), we wil l  have a pin with a r e c t a n g u l a r  
c r o s s  s ec t i on  and a s ide  r a t i o  equal  to ~ (Fig .  l c ) ,  e tc .  

We note that  a l l  of the r e s u l t s  ob ta ined  above  a r e  
a l so  va l id  for  hol low pins  (Fig.  ld)  in which t h e r e  is  
no r a d i a t i v e  hea t  exchange  be tween  the in s ide  s u r f a c e s ,  
and the wall  t h i c k n e s s  5 changes  a c c o r d i n g  to a d e f i -  
n i te  law along the pin.  F o r  e x a m p l e ,  for  a c i r c u l a r  pin 
(Fig .  l f)  the  r a t i o  (y - 5 ) / y  m u s t  be  cons tan t .  Here  

F o r  a pin  with a r e c t a n g u l a r  p r o f i l e  whose  s i d e s  
a r e  a and [ a  long (Fig .  lg )  i t  is  n e c e s s a r y  that  

( 1  ----25)(~a _ 26)a = const. 

Here 

/%= 2(1 + ;). 

We a l so  note that  the e f f e c t i v e n e s s  of the op t imum 
pin is independent of the shape of its lateral cross 
section 

O -_ Qo / iL~ sa 7~odx = 0.706. 
0 

(13) 

However, the ratio of the removed flux to the weight 
of the pin is a strong function of the cross-sectional 

shape of the pin 

I I 

Relationship (14) shows in particular that when the 
va lue s  of  Qo, x, and To a r e  f ixed,  a s o l i d  pin  with a 
l a t e r a l  c r o s s  s ec t i on  in the f o r m  of  a c i r c l e  exh ib i t s  
the  s m a l l e s t  v a l u e  fo r  Q0/Gp. 

The  r e s u l t s  ob ta ined  above  p e r t a i n  to e x t r e m e l y  
po in ted  p ins  (when x = x L opt '  Y = 0 and the f i r s t  t h r e e  
d e r i v a t i v e s  of y with r e s p e c t  to x a r e  equal  to zero) ,  
a s  wel l  as  to the z e r o  t e m p e r a t u r e  T L.  Le t  us e x a m -  
ine the c l a s s  of o p t i m u m  pins  for  T L ~ 0 .  H e r e  the 
funct ion  T(Q) i s  w r i t t e n  a s  

! 
_}7 _ Z / 4  _ 1 7  

, ( l a )  

while  the contour  shape  is def ined by the fol lowing 
s y s t e m  of equat ions  : 

I2 
_ 3 / 4  5 / 4  _ 1 7  .. ~ -  

-~ (68/5) Q [ ( l - - ~ ) Q  + r ~ j  
g = _tr - ; 

(1 --TL) 
1 

x = - -  (68/5) - Y  • 

(16) 

' 4  I 24 l 
_17 _ 5 / 4  _ 1 7  _ I 7  - ~  _ 

x Q - q - [ ( I - - T L ) Q  + TL]-N-(1--Tc) dQ.(17) 
1 

The effect  of T L on the vo lume of the op t imum pin is 

"~L 

f _z _ Vopt (18) 

(1 - -TL)  

The r e s u l t s  ob ta ined  in ca lcu la t ing  the op t imum 
con tours  for  pins  with v a r i o u s  va lues  o f ' ~ L  a r e  shown 
in F ig .  2 (Sidorenko d id  the ca l cu la t ions ) .  We note 
that  w h e n ' ~ L  r 0 n e a r  the end of the pin, the d e r i v e d  
so lu t ions  m u s t  n a t u r a l l y  be  r e f ined ,  s i n c e  the cond i -  
t ion of a f l a t t ened  contour  is  not s a t i s f i e d  t h e r e .  

Le t  us c o m p a r e  the c o n s i d e r e d  op t imum pins  with 
con ica l  p ins  (the d a s h e d  l ines  in F ig .  l a ) .  The a r e a  
and p e r i m e t e r  of the l a t e r a l  c r o s s  sec t ion  in th is  c a se  
wil l  be d e t e r m i n e d  by Eqs.  (1) in which y is  def ined in 
t e r m s  of x : 

r  

= (L - -  x) tg @ .  g 
2 (19) 

With c o n s i d e r a t i o n  of (19), Eqs .  (2) and (3) l ead  to 
the d i f f e r e n t i a l  equat ion  

L x d2T _4 - -  c ) ~ - -  2~dT --NT=O, 
dxc dxc 

(20) 

where  

- _ x .  xL ~ o T ~ s  x c - ~ 2  L -  . ; N= (21) 
' xL ~ k i ig --% 

2 

(x~ is  the length of the t r u n c a t e d  cone, s ee  F ig .  l a ) .  
The  bounda ry  condi t ions  for  Eq. (20) m a y  be  a s s u m e d  
to be 

T =  1 when x c = 0 ;  aT_ _0 a s  L - +  I. ( 2 2 )  
dx c 

A solu t ion  for  (20) was d e r i v e d  n u m e r i c a l l y  on a 
c o m p u t e r .  The  e f f e c t i v e n e s s  of the con ica l  pin as  a 
funct ion of N 

x L 

0 

(23) 

i s  shown in F ig .  3 (Potapov  did the ca l cu la t ions ) .  
T h e s e  r e l a t i o n s h i p s  a r e  va l id  for  con ica l  p ins  having 
any l a t e r a l  c r o s s - s e c t i o n a l  shape  (if t h e r e  is  no s e l f -  
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i r r a d i a t i o n )  and these  r e l a t i o n s h i p s  r e m a i n  in fo rce  
as  wel l  for  hol low conica l  p ins  in which t h e r e  is  no 

u 

\ 

~'~ 
2o ~i \, 

O,8 

o,, 

o \ 
o,4, o,~ f,2 4,6 2.0 2, 

Fig .  2. Opt imum pin con tou r s  for  
v a r i o u s  va lue s  of  T L :  1) T L = 0; 

2) 0.8; 3) 0.9; 4) 0.95. 

radiative heat exchange between the inside surfaces, 
and in which the wall thickness 6 varies along the pin 
according to a specific law. For example, for a c i r -  
cular conical pin we must have 

8 
I = con,st, 

(L - -  x) tg ~ -  

H e r e  

k I = a z { 1 - - [ 1  ~ ]'} 
(L_~)~g (, ; 

2 

Op t imiz ing  the d i m e n s i o n s  of the  con ica l  pin,  a s  was 
done by m e a n s  of the  funct ion shown in F ig .  3, d e -  
m o n s t r a t e d  that  Nop t = 0.6 and that  fo r  i d e n t i c a l v a l u e s  
of Q0, To, e, and X, as  wel l  a s  of kl  and k2, the o p t i -  
m u m  con ica l  pin is  h e a v i e r  by  only 1.5% than the o p t i -  
m u m  pin. 

2. L e t  Us c o n s i d e r  the p r o b l e m  of des ign ing  the 
h e a t - c o n d u c t i n g  r a d i a t i n g  e l e m e n t  shown in Fig .  l e  
whose  a r e a  and p e r i m e t e r  of l a t e r a l  c r o s s  s e c t i o n  
would  be  def ined  by the equa l i t i e s  

F = k s ~ ;  I I = k , ,  (24) 

w h e r e  $ is  a funct ion which depends  on the law g o v e r n -  
ing the change in wall  t h i c k n e s s  ~ along the x - a x i s .  

We wil l  a s s u m e  tha t  t h e r e  i s  no t r a n s f e r  of hea t  
be tween  the i n s ide  s u r f a c e s .  The  h e a t - t r a n s f e r  e q u a -  
t ion for  the sub j ec t  e m i t t e r  with a cons tan t  ou t s ide  
l a t e r a l  c r o s s - s e c t i o n a l  p e r i m e t e r  and the law of t h e r -  
m a l  e m i s s i o n  a r e  w r i t t e n  in the f o r m  

k8.r dT . . . .  Q; (25) 
d x  

k 4 eo T 4 dx ---- - -  de .  (26) 

The opt imum function r m u s t  e n s u r e  a m i n i m u m  
vo lume for the sub jec t  e m i t t e r  

x L 

V = S k3~dx 
0 

(27) 

fo r  g iven in i t i a l  hea t  f lux Q0 and t e m p e r a t u r e  To (Fig .  
le). 

We in t roduce  the nond imens iona l  v a r i a b l e s  

;,=xl[ Qo 

~=,/I  Q~ ); 
k ~" k3k, eo TSo 

~'= v / ( ~ -~ (2s) 

In these  v a r i a b l e s  (25)-(27)  a r e  w r i t t e n  in the fo rm 

- d~ 
~-~-x = - - 6 ;  (29) 

_ 4  ~ 

T dx = - - d Q ;  (30) 

E L 

j (31) 
0 

At  the end of the e l e me n t  (when x" = x L) we know the 
va lue  only of the v a r i a b l e  Q = 0, and we wi l l  t h e r e f o r e  
e x p r e s s  a l l  of the v a r i a b l e s  as  a function of Q. A f t e r  
th is  e x p r e s s i o n  (31) is  r e w r i t t e n  as  

0 

~7= S dTQdQ-s (32) 

and the f o r m u l a t e d  p r o b l e m  wil l  c o r r e s p o n d  to the 
s eek ing  of a m i n i m u m  for the funct ion (32) whose E u -  
l e r  equat ion  wi l l  have the f o r m  

2QT--~== + 16O - -  0. (33) 
d~ ~E~: de 

Equat ion  (33) c o r r e s p o n d s  in t e r m s  of f o r m a n d b o u n d -  
a r y  condi t ions  to the condi t ion  d e r i v e d  in [2] and which 
m u s t  be  s a t i s f i e d  for  a s o l i t a r y  inf in i te  longi tud ina l  
fin of op t imum shape .  Using  the r e s u l t s  of [2], w e w i l l  

OK 

O.8 

0.~ 

0A, 

~ , ~  t �84 

0,8 t5 2.4 3.2 4.0 N 

Fig .  3. E f f e c t i v e n e s s  of  con ica l  
pin a s  a funct ion of  h e a t - c o n d u c -  

t ion p a r a m e t e r  N. 

t h e r e f o r e  d e r i v e  the fo l lowing r e l a t i o n s h i p s  c h a r a c t e r -  
iz ing  the op t imum shape  of the sub j e c t  e l e m e n t :  
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~ = q  ; ~ =  l -  ; ~ =  l -  ; 

---- 6 1 - -  ; ~Zop t = 4; Xzopt = 3. (34) 

The  v a r i o u s  shapes  for  the l a t e r a l  c r o s s  s ec t ion  of 
the sub jec t  e l e m e n t  wil l  be  def ined  by  the coef f i c ien t s  
k3 and k4 and the f o r m  of the function r F o r  e x a m -  
ple ,  if the sub j ec t  e m i t t i n g  e l e m e n t  is  a tube having an 
ou t s ide  r a d i u s  y (Fig .  l f ) ,  

k S=ny~; k4=2~g; q0(x)=l- -  

It is  not d i f f icu l t  to p rove  that  the condi t ion 5 -< y in 
this case is expressed by the relationship 

6Q~ / 2~2g~ )~8o TSo --.< 1. (35) 

However ,  i f  the sub j ec t  e l e m e n t  is  r e c t a n g u l a r  in c r o s s  
and if  the r e l a t i o n s h i p  of i ts  s i des  is  e x p r e s s e d  by  
{Fig. l g ) ,  we wil l  have 

k 3=a~ ;  k 4 = 2 a ( l + ~ ) ;  

The  e f f e c t i v e n e s s  of  the sub j ec t  e l e m e n t  is  i ndepen -  
dent of the shape  of the l a t e r a l  c r o s s  s e c t i o n  

XL opt 4 

0 

(36) 

The derived results pertain to extremely pointed 

right-hand emitter edges (when x = x L opt, $(x) and the 
first three derivatives of r with respect to x vanish), 

as well as to the zero temperature T L. However, if 
in Fig. 2 of [2] we take r instead of y and assume that 

= -x, we will obtain thefunetions for the construction 

of the subject emitters when T L ~ 0. Inparticular, the 
effect of TL on the volume of an emitter with an opti- 
mum law 6(x) will be expressed by the relationship 

~ 

(1 - - T L )  

The  weight  r a t i o  for  the  o p t i m u m  e m i t t e r s  c o n s i d -  
e r e d  h'~ s e c t i o n s  1 and 2 for  i den t i ca l  va lues  of Q0, To, 

t ,  e and iden t i ca l  shapes  of l a t e r a l  c r o s s  s ec t i ons  and 
d ime ns ions  with x = 0 wil l  be def ined as 

~em_ 2.o9{ q~ , ' / ~ , k ~  ~ 

Thus an e m i t t e r  with a cons tan t  ou ts ide  l a t e r a l  
c r o s s - s e c t i o n a l  p e r i m e t e r  is  c o n s i d e r a b l y  l igh te r  than 
the op t imum pin. 

NOTAT ION 

Here F and II are the area and external cross-section 

circumference of the radiating element at a distance x 
from its base; y is the quantity depending on x and 
having the dimension of length; r is a dimensionless 

value; kl and k2 are dimensionless quantities indepen- 
dent of x; k~ and k~ are dimensional quantities inde- 
pendent of x (k3 has the dimension of area, k4 of length); 

Q0 is the heat flux from the radiating element; Q is 
the heat flux along the element at a distance x from its 
base; k is the thermal conductivity; To, T, and T L are 
the temperatures at the element base, at a distance x 

from the base and at the right-hand endof the element; 
e is the emissivity of the surface; r is the Stefan-- 

Boltzmann constant; V is the radiator volume (Vop t is 
the volume of the optimumradiatior); 5 is the wMl 

thickness; x L is the radiator length (x L optiS the length 
of the optimum radiator); y is the specific weight; | 
| and | are the effectiveness of optimum pin, 
conical pin, and radiator with constant external eir- 
cumferenee; Gp and Gem are the weight of'the pin and 
the emitter with constant external circumference; a is 
the angle between the generatrices of the conic surface 
in the longitudinal section of the pin by a plane; T and 

are the dimensionless temperature and flow rate, 

respectively; x, y, and V are dimensionless variables 

in the study of optimum pins of minimum weight; x c 
and N are the dimensionless variable andparameter 

of thermal conductivity with conical pins; x, r and V 
are dimensionless variables for the emitter with con- 

stant external circumference; a and [a are the dimen- 

sions of the sides of the radiator cross-section. 
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